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1. Introduction
The interrelated notions of infinite hierarchies of symmetries and conservation laws,
recursion operators, bi-Hamiltonian structures, and differential coverings are the
main tools in the study of integrable nonlinear partial differential equations (pdes),
[32, 36, 20, 13, 18, 21, 14, 15, 3, 33, 1]. In particular, a recursion operator for a pde
is a linear map from the space of symmetries of the pde to the same space. Pro-
cedures to find recursion operators have been proposed by many authors, see, e.g.,
[32, 9, 51, 7, 6, 40, 8, 45, 3, 38, 39, 33, 11, 10, 16, 17, 24, 12, 46, 44, 50, 29, 25,
26, 47, 48, 23, 28, 27, 41, 19, 22, 30]. As a rule, recursion operators are nonlocal.
This is one of the reasons motivating the introduction of nonlocal symmetries and,
more generally, the development of nonlocal geometry of pdes, [20, 18, 21]. In a
majority of works recursion operators are defined as integro-differential operators,
[32, 9, 51, 7, 6, 8, 45, 3, 33, 12, 46, 44, 50], although this interpretation is accompanied
by a number of difficulties, e.g., discussed in [10, 20]. The alternative definition
is proposed in [10], [16, 17] (see also [41] and references therein) and developed in
[24, 46, 29, 25, 26, 28, 27, 30]. This approach considers a recursion operator as
an auto-Ba¨cklund transformation of the tangent (or linearized) covering of the pde.
The machinery of recursion operators become more difficult when transitioning from
pdes with two independent variables to multidimensional pdes. Accordingly, only a
small number of recursion operators for pdes in three or more independent variables
is currently known. In [30], M. Marvan and A. Sergyeyev proposed the method for
constructing recursion operators of pdes of any dimension from their linear coverings
of a special form. By this method they found recursion operators for a number of pdes
of physical and geometrical significance.
In the present paper we consider pdes
uyy = utx + uyuxx − uxuxy (1)
and
uty = uxuxy − uyuxx. (2)
Eq. (1) describes Lorentzian hyperCR Einstein-Weyl structures and is a symmetry re-
duction of Pleban˜ski’s second heavenly equation, [5]. It belongs to the family of r-th
modified dispersionless Kadomtsev–Petviashvili equations (rmdKP) [2],
uyy = utx +
(
1
2
(κ+ 1) u2x + uy
)
uxx + κ uxuxy.
Eq. (2) is obtained by substituting for κ = −1 to the family of r-th dispersionless
(2+1)-dimensional Harry Dym equation (rdDym) [2],
uty = uxuxy + κ uyuxx.
Both Eqs. (1) and (2) are known to have two attributes of an integrable pde. They
are bi-Hamiltonian systems on two-dimensional generalizations of the Virasoro algebra,
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[34, 35]. Also, they have differential coverings with non-removable parameters. The
covering {
wt = (λ
2 − λ ux − uy)wx,
wy = (λ− ux)wx,
(3)
λ ∈ R, for Eq. (1) was found in [42, 5], the covering{
wt = (ux − λ)wx,
wy = λ
−1 uy wx,
(4)
of Eq. (2) was found for λ = 1 in [43] and for λ ∈ R\{0} in [31].
Also, a hereditary recursion operator for Eq. (1) was found in [23].
In the present paper, we use the technique of [30] to construct recursion operators
for Eqs. (1) and (2). Section 2 is devoted to notation and basic definitions of the
geometry pdes, [49, 20, 18, 21, 19]. Section 3 recalls the method of [30]. In Section 4
we find the direct and inverse recursion operators for (1) and (2). In Section 5 we study
actions of these operators on the contact symmetries of (1), (2) and find shadows of
nonlocal symmetries of these equations.
2. Preliminaries
Let π:Rn × Rm → Rn, π: (x1, . . . , xn, u1, . . . , um) 7→ (x1, . . . , xn), be a trivial bundle,
and J∞(π) be the bundle of its jets of the infinite order. The local coordinates on
J∞(π) are (xi, uα, uαI ), where I = (i1, . . . , in) is a multi-index, and for every local
section f :Rn → Rn × Rm of π the corresponding infinite jet j∞(f) is a section
j∞(f):R
n → J∞(π) such that uαI (j∞(f)) =
∂#Ifα
∂xI
=
∂i1+...+infα
(∂x1)i1 . . . (∂xn)in
. We put
uα = uα(0,...,0). Also, in the case of n = 3, m = 1 we denote x
1 = t, x2 = x, x3 = y, and
u1(i,j,k) = ut . . . t︸ ︷︷ ︸
i
x . . . x︸ ︷︷ ︸
j
y . . . y︸ ︷︷ ︸
k
.
The the vector fields
Dxk =
∂
∂xk
+
∑
#I≥0
m∑
α=1
uαI+1k
∂
∂uαI
, k ∈ {1, . . . , n},
(i1, . . . , ik, . . . , in) + 1k = (i1, . . . , ik + 1, . . . , in), are called total derivatives. They
commute everywhere on J∞(π): [Dxi , Dxj ] = 0.
The evolutionary differentiation associated to an arbitrary vector-valued smooth
function ϕ: J∞(π)→ Rm is the vector field
Eϕ =
∑
#I≥0
m∑
α=1
DI(ϕ
α)
∂
∂uαI
, (5)
with DI = D(i1,... in) = D
i1
x1
◦ . . . ◦Dinxn.
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A system of pdes Fr(x
i, uαI ) = 0, #I ≤ s, r ∈ {1, . . . , R} of the order s ≥ 1 with
R ≥ 1, defines the submanifold E = {(xi, uαI ) ∈ J
∞(π) | DK(Fr(x
i, uαI )) = 0, #K ≥ 0}
in J∞(π).
A function ϕ: J∞(π)→ Rm is called a (generator of an infinitesimal) symmetry of
E when Eϕ(F ) = 0 on E. The symmetry ϕ is a solution to the defining system
ℓE(ϕ) = 0, (6)
where ℓE = ℓF |E with the matrix differential operator
ℓF =
(∑
#I≥0
∂Fr
∂uαI
DI
)
The symmetry algebra sym(E) consists of solutions to (6). The Jacobi bracket {ϕ, ψ} =
Eϕ(ψ) − Eψ(ϕ) defines a structure of a Lie algebra over R on symE. The algebra of
contact symmetries sym0(E) is the Lie subalgebra of sym(E) defined as sym(E)∩ J
1(π).
A conservation law of E is an equivalence class of (n-1)-forms
ω =
∑
1≤i1<...<in−1≤n
bi1...in−1 dx
i1 ∧ . . . ∧ dxin−1
with bi1...in−1 ∈ C
∞(J∞(π)) such that
dhω =
n∑
k=1
∑
1≤i1<...<in−1≤n
Dk(bi1...in−1) dx
k ∧ dxi1 ∧ . . . ∧ dxin−1 = 0
on E. Two such forms are equivalent when their difference is a form
θ =
n∑
k=1
∑
1≤i1<...<in−2≤n
Dk(ci1...in−2) dx
k ∧ dxi1 ∧ . . . ∧ dxin−2 ,
so dhθ = 0.
Denote W = R∞ with coordinates ws, s ∈ N ∪ {0}. Locally, an (infinite-
dimensional) differential covering of E is a trivial bundle τ : J∞(π) × W → J∞(π)
equipped with extended total derivatives
D˜xk = Dxk +
∞∑
s=0
T sk (x
i, uαI , w
j)
∂
∂ws
(7)
such that [D˜xi, D˜xj ] = 0 for all i 6= j whenever (x
i, uαI ) ∈ E. We define the partial
derivatives of ws by ws
xk
= D˜xk(w
s). This yields the system of covering equations
wsxk = T
s
k (x
i, uαI , w
j). (8)
This over-determined system of pdes is compatible whenever (xi, uαI ) ∈ E.
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example 1. In the case of n = 3 and m = 1 consider the extended total derivatives
D˜t = Dt +
∞∑
k=0
D˜kx((ux − λ)w1)
∂
∂wk
,
D˜x = Dx +
∞∑
k=0
wk+1
∂
∂wk
,
D˜y = Dy + λ
−1
∞∑
k=0
D˜kx(uy w1)
∂
∂wk
.
(9)
Then define the partial derivatives of the fiber variables as wk,t = D˜t(wk), wk,x = D˜x(wk),
and wk,y = D˜y(wk). This implies wk = w0,x...x (k times x), and{
wk,t = ((ux − λ)w1)x...x,
wk,y = λ
−1(uy w1)x...x.
All these equations are differential consequences of the system{
w0,t = (ux − λ)w0,x,
w0,y = λ
−1 uy w0,x.
We put w0 = w and get Eqs. (4). Thus the covering with the extended total derivatives
(9) is defined by (4).
Denote by E˜ϕ the result of substitution for D˜xk instead of Dxk in (5). A shadow
of nonlocal symmetry of E corresponding to the covering τ with the extended total
derivatives (7), or τ -shadow, is a function ϕ ∈ C∞(E×W) such that
E˜ϕ(F ) = 0 (10)
is a consequence of equations DK(F ) = 0 and (8). A nonlocal symmetry of E correspon-
ding to the covering τ (or τ -symmetry) is the vector field
E˜ϕ,A = E˜ϕ +
∞∑
s=0
As
∂
∂ws
, (11)
with As ∈ C∞(E×W) such that ϕ satisfies to (10) and
D˜k(A
s) = E˜ϕ,A(T
s
k ) (12)
for T sk from (7), see [4, Ch. 6, §3.2].
remark 1. In general, not every τ -shadow corresponds to a τ -symmetry, since Eqns.
(12) provide an obstruction for existence of (11). But for any τ -shadow ϕ there exists a
covering τϕ and a nonlocal τϕ-symmetry whose τϕ-shadow coincides with ϕ, see [4, Ch.
6, §5.8].
A recursion operatorR for E is a R-linear map such that for each (local or nonlocal)
symmetry ϕ of E the function R(ϕ) is a (local or nonlocal) symmetry of ϕ of E.
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The tangent covering for pde E is defined as follows, [19]. Consider the trivial
bundle σ: J∞(π) × Q → J∞(π) with coordinates qαI , #I ≥ 0, on the fibre Q equipped
with the extended total derivatives
Dˆxk = Dxk +
∑
#I≥0
m∑
α=1
qαI+1k
∂
∂qαI
.
Then for DˆI = Dˆ
i1
x1
◦ . . . ◦ Dˆinxn define
ℓˆF =
(∑
#I≥0
∂Fr
∂uαI
DˆI
)
.
and put
T(E) = {(xi, uαi , q
α
I ) ∈ J
∞(π)×Q | DK(F (x
i, uαI )) = 0, DˆK(ℓˆF (q
α)) = 0, #K ≥ 0}.
The tangent covering is the restriction of σ to T(E). A section ϕ:E → T(E) of the
tangent covering is a symmetry of E. The extended total derivatives of this covering are
D˜xk = Dˆxk |T(E).
example 2. We write Eq. (2) in the form uty − ux uxy + uy uxx = 0. Then we have
ℓF (ϕ) = DtDy(ϕ)− uxDxDy(ϕ)− uxyDx(ϕ) + uyD
2
x(ϕ) + uxxDy(ϕ)
and
ℓˆF (q) = q(1,0,1) − uxq(0,1,1) − uxyq(0,1,0) + uyq(0,2,0) + uxxq(0,0,1).
The fiber of the tangent covering has local coordinates q(i,j,0) and q(0,j,k). The extended
total derivatives of the tangent covering are
D˜t = Dt +
∞∑
i=0
∞∑
j=0
q(i+1,j,0)
∂
∂q(i,j,0)
+
∞∑
j=0
q(1,j,0)
∂
∂q(0,j,0)
+
∞∑
j=0
∞∑
k=1
D˜k−1y (uxq(0,1,1) + uxyq(0,1,0) − uyq(0,2,0) − uxxq(0,0,1))
∂
∂q(0,j,k)
,
D˜x = Dx +
∞∑
i=0
∞∑
j=0
q(i,j+1,0)
∂
∂q(i,j,0)
+
∞∑
j=0
∞∑
k=0
q(0,j+1,k)
∂
∂q(0,j,k)
,
D˜y = Dy +
∞∑
i=1
∞∑
j=1
D˜i−1t (uxq(0,1,1) + uxyq(0,1,0) − uyq(0,2,0) − uxxq(0,0,1))
∂
∂q(i,j,0)
+
∞∑
j=0
q(0,j,1)
∂
∂q(0,j,0)
+
∞∑
j=0
∞∑
k=0
q(0,j,k+1)
∂
∂q(0,j,k)
.
remark 2. Abusing the notation, we write DitD
j
xD
k
y(q) instead of q(i,j,k) in what follows.
Recursion Operators for Integrable rmdKP and rdDym Equations 7
3. Recursion operators for equations with linear coverings
The technique of [30] is applicable to pdes with linear coverings defined by covering
equations of the form
n∑
i=1
Aij wxi = 0, j ∈ {1, 2}, (13)
with Aij ∈ C
∞(J∞(π)). The commutativity condition for the corresponding vector fields
Xj =
n∑
i=1
Aij Dxi
coincides with DK(F ) = 0, #K ≥ 0. One of the key elements of the method of [30] is
the vector field
Z =
n∑
i=1
ζ iDxi
with ζ i ∈ C∞(J∞(π)) such that
[Xj, Z] =
n∑
i=1
Eϕ(A
i
j)Dxi, j ∈ {1, 2}, (14)
with ϕ ∈ C∞(J∞(π)). The pair of equations (14) give an over-determined system for
the functions ζ i. This system is compatible whenever ϕ is a symmetry of E. Then we
seek for a set of functions a1, ... , an either from C
∞(J∞(π)) or from C∞(J∞(π)×W)
such that the function
ψ =
n∑
j=1
aj ζ
j (15)
is either a local symmetry of E or a shadow of a nonlocal symmetry of E corresponding
to the covering (13). Since ζj depend on ϕ, then (15) defines a map ψ = R(ϕ). This
map is a recursion operator for E.
4. Recursion operators for the the integrable rmdKP and rdDym equations
4.1. rmdKP equation
We apply the described above method of [30] to the covering (3) of Eq. (1). The straight-
forward computation shows that condition (14) holds if, and only if, the functions ζ1
and ζ3 are solutions to the following over-determined system{
Dt(ζ) = (λ
2 − λ ux − uy)Dx(ζ),
Dy(ζ) = (λ− ux)Dx(ζ),
(16)
while ζ2 satisfies
Dt(ζ2) = (λ
2 − λ ux − uy)Dx(ζ2) + (λ utx + uty) ζ1 + (λ uxx + uxy) ζ2
+(utx + uy uxx + (λ− ux) uxy) ζ3 − λDx(ϕ)−Dy(ϕ),
Dy(ζ2) = (λ− ux)Dx(ζ2) + uyx ζ1 + uxx ζ2 + uxy ζ3 −Dx(ϕ),
(17)
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The last system is compatible whenever ϕ is a symmetry of Eq. (1). Then we have
theorem 1. The function a1ζ1 + a2ζ2 + a3ζ3 is a nonlocal symmetry of Eq. (1) corres-
ponding to the covering (3) whenever it is a R-linear combination of the functions
ψ = (λ2 − λ ux − uy) ζ1 + ζ2 + (λ− ux) ζ3
and
η =
1
qx
ζ, (18)
where q satisfies (3) and ζ is a solution to (16).
remark 3. The coefficient at ζ in the r.h.s. of (18) satisfies the identity
D˜2y(υ) = D˜tD˜x(υ) + uy D˜
2
x(υ) + uxx D˜y(υ)− ux D˜xD˜y(υ)− uxy D˜x(υ).
Therefore, the function 1/qx is a shadow of a nonlocal symmetry of Eq. (1) corresponding
to the covering (3).
Since ζ1, ζ3 satisfy (16) and ζ2 satisfies (17), then ψ is a solution to the following
over-determined system{
Dt(ψ) = (λ
2 − λ ux − uy)Dx(ψ) + (λ uxx + uxy) ζ2 ψ − λDx(ϕ)−Dy(ϕ),
Dy(ψ) = (λ− ux)Dx(ψ) + uxx ψ −Dx(ϕ),
(19)
This system is compatible whenever ϕ is a symmetry of Eq. (1). Each solution ψ to
this system is a symmetry of (1), too. Therefore, Eqs. (19) define a recursion operator
ψ = R(ϕ) for (1). We express Dx(ϕ) and Dy(ϕ) from (19):{
Dx(ϕ) = (λ− ux)Dx(ψ)−Dy(ψ) + uxx ψ,
Dy(ϕ) = λDy(ψ)−Dt(ψ)− uyDx(ψ) + uxy ψ.
(20)
This system is compatible whenever ψ is a symmetry of (1). Whence (20) defines the
inverse recursion operator ϕ = R−1(ψ). Both systems (19) and (20) define Ba¨cklund
transformations for the tangent covering of Eq. (1).
4.2. rdDym equation
For Eq. (2) the computations are very similar to those of the previous subsection. Eqs.
(14) yield two systems{
Dt(ζ) = (ux − λ)Dx(ζ),
Dy(ζ) = λ
−1 uyDx(ζ),
(21)
and{
Dt(ζ2) = (ux − λ)Dx(ζ2)− utx ζ1 − uxx ζ2 − uxy ζ3 +Dx(ϕ),
Dy(ζ2) = λ
−1 (uyDx(ζ2)− (uxuxy − uyuxx) ζ1 − uxy ζ2 − uyy ζ3 +Dy(ϕ)) ,
(22)
such that ζ1 and ζ3 are solutions to (22), while the system for ζ2 is compatible whenever
ϕ is a symmetry of (2). Then routine computations give
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theorem 2. The function a1ζ1 + a2ζ2 + a3ζ3 is a nonlocal symmetry of Eq. (2) corres-
ponding to the covering (4) if, and only if, it is a R-linear combination of the functions
ψ = (ux − λ) ζ1 + ζ2 + λ
−1 uy ζ3 (23)
and
η =
1
qx
ζ, (24)
where q and ζ meet (4) and (21), respectively.
remark 4. The coefficient at ζ in the r.h.s. of (24) is a solution of the following
equation:
D˜tD˜y(υ) = ux D˜xD˜y(υ) + uxy D˜x(υ)− uy D˜
2
x(υ)− uxx D˜y(υ).
Therefore, the function 1/qx is a shadow of a nonlocal symmetry of Eq. (2) corresponding
to the covering (4).
The function (23) is a solution to the system system{
Dt(ψ) = (ux − λ)Dx(ψ)− uxx ψ +Dx(ϕ),
Dy(ψ) = λ
−1 (uyDx(ψ)− uxy ψ +Dy(ϕ)) ,
(25)
This auto-Ba¨cklund transformation for the tangent covering of (2) defines the recursion
operator ψ = R(ϕ). The inverse recursion operator ϕ = R−1(ψ) is defined by the
system {
Dt(ϕ) = Dt(ψ) + (λ− ux)Dx(ψ) + uxx ψ
Dy(ϕ) = λDy(ψ)− uyDx(ψ) + uxy ψ.
(26)
5. Actions of recursion operators on contact symmetries
We consider actions of the recursion operators (19), (25) and their inverses (20), (26)
to the contact symmetries of the corresponding Eqns. (1) and (2). The standard com-
putational procedures [36, 49, 13, 18, 3, 33, 4] provide generators ϕ ∈ sym0(E). When
ϕ are known, we solve Eqns. (19) and (25) for ψ = R(ϕ). To find actions of R−1 on
contact symmetries, we consider ψ in (20), (26) to be known elements of sym0(E) and
then solve these systems for ϕ. For both Eqns. (1) and (2) it appears to be easier to
find actions of R−1 than ones of R, so we start from R−1 in both cases.
5.1. rmdkP equation
The infinitesimal generators of the contact symmetry algebra for Eq. (1) are
ϕ0(A0) = A0ut +
1
2
(
2A′0x+ A
′′
0y
2
)
ux + A
′
0y uy − A
′
0u−A
′′
0x y −
1
6
A′′′0 y
3,
ϕ1(A1) = A
′
1y ux + A1 uy − A
′
1 x−
1
2
A′′1y
2,
ϕ2(A2) = A2ux − A
′
2y,
ϕ3(A3) = A3,
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ϕ4 = 2 xux + y uy − 3 u, ϕ5 = y ux − 2 x,
where Aj together with Bk below are arbitrary smooth functions of the variable t. The
commutators for these generators read
{ϕj(Aj), ϕk(Bk)} =
{
ϕj+k(AjB
′
k −BkA
′
j), 0 ≤ j + k ≤ 3,
0, j + k > 3,
{ϕk(Ak), ϕ4} = k ϕk(Ak), 0 ≤ k ≤ 3,
{ϕ0(A0), ϕ5} = {ϕ3(A3), ϕ5} = 0,
{ϕ1(A1), ϕ5} = ϕ2(A1),
{ϕ2(A2), ϕ5} = 2ϕ3(A2),
{ϕ4, ϕ5} = −ϕ5.
We denote by gj the spans of ϕj(Aj) when Aj ∈ C
∞(R), 0 ≤ j ≤ 3, and put
g˜0 = g0 ⊕ Rϕ4, g˜1 = g1 ⊕ Rϕ5, g˜2 = g2, g˜3 = g3. Then the contact symmetry al-
gebra of (1) sym0(E) = g˜0 ⊕ g˜1 ⊕ g˜2 ⊕ g˜3 has the following grading
{g˜j, g˜k} =

g0, j + k = 0,
g˜j+k, 0 < j + k ≤ 3,
0, j + k > 3.
The solutions to Eqns. (20) are defined up to adding their arbitrary solution with
ψ = 0, i.e., an arbitrary element of the subalgebra g3. We will not write these elements
explicitly, or, in other words, we will consider factor spaces w.r.t. g3. For ψ = ϕj(Aj)
with 1 ≤ j ≤ 3 and ψ = ϕ5 we get local solutions
R−1(ϕ1(A1)) = −ϕ0(A1) + λϕ1(A1),
R−1(ϕ2(A2)) = −ϕ1(A2) + λϕ2(A2),
R−1(ϕ3(A3)) = ϕ2(A3),
R−1(ϕ5) = −ϕ4 + λϕ5.
Further, we have
R−1(ϕ0(A0)) = s0 +
1
24
y4A
(iv)
0 +
1
6
y2 (3 x− y(ux + λ))A
′′′
0
+
1
2
(
y (λ y − 2 x) ux − y
2 uy + x
2 − 2 λ x y)
)
A′′0
− (y ut + (u− λ x) ux + (x− λ y) uy + 2 u)A
′
0 + λ utA0, (27)
where s0 is a solution to the following compatible system{
s0,x = y uxA
′′
0 + (u
2
x + uy)A
′
0 − (uty + uxutx − utuxx)A0,
s0,y = (y uy + u)A
′′
0 + (ut + uxuy)A
′
0 − (uty + utuxy − uyuxx)A0.
(28)
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In other words, s0 is a potential of the conservation law
ds0 ∧ dt = ((y uy + u)A
′′
0 + (ut + uxuy)A
′
0 − (uty + utuxy − uyuxx)A0) dx ∧ dt
+ (y uxA
′′
0 + (u
2
x + uy)A
′
0 − (uty + uxutx − utuxx)A0) dy ∧ dt
of Eq. (1). For ϕ4 we get
R−1(ϕ4) = 4 s4 − y ut + (2 λ x− 3 u) ux + (λ y − 2 x) uy − 3 λ u, (29)
where s4 is a solution to{
s4,x = uy + u
2
x,
s4,y = ut + uxuy,
(30)
that is, a potential of the conservation law
ds4 ∧ dt = (ut + uxuy) dx ∧ dt+ (uy + u
2
x) dy ∧ dt.
Thus the action of R−1 to ϕ0(A0) and ϕ4 provides shadows of nonlocal symmetries to
Eq. (1): the infinite set (27) corresponds to the covering (28), and (29) corresponds to
the covering (30).
Factorizing w.r.t. solutions of Eqs. (19) with ϕ = 0, we have
R(ϕ1(A1)) = −ϕ2(A1) + λϕ3(A1),
R(ϕ2(A2)) = ϕ3(A2),
R(ϕ3(A3)) = 0,
while the solutions R(ϕ0(A0)), R(ϕ4), R(ϕ5) of (19) with ϕ = ϕ0(A0), ϕ = ϕ4, and
ϕ = ϕ5, respectively, are shadows of new nonlocal symmetries of Eq. (1).
5.2. rdDym equation
The Lie algebra of contact symmetries of Eq. (2) is generated by
ϕ0(A0) = utA0 + xuxA
′
0 − uA
′
0 +
1
2
x2A′′0,
ϕ1(A1) = uxA1 + xA
′
1,
ϕ2(A2) = A2,
ϕ3(B1) = uyB1,
ϕ4 = xux − 2 u,
where Aj and Ck below are arbitrary functions of t, and Bj are arbitrary functions of
y. The generators have the following commutators:
{ϕj(Aj), ϕk(Ck)} =
{
ϕj+k(AjC
′
k − CkA
′
j), 0 ≤ j + k ≤ 2,
0, j + k > 2,
{ϕj(Aj), ϕ3(B1)} = 0, 0 ≤ j ≤ 2,
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{ϕk(Ak), ϕ4} = k ϕk(Ak), 0 ≤ k ≤ 2,
{ϕ3(B1), ϕ3(B2)} = ϕ3(B1B
′
2 − B2B
′
1),
{ϕ3(B1), ϕ4} = 0
With gj = {ϕj(Aj) | Aj ∈ C
∞(R)}, 0 ≤ j ≤ 2, h = {ϕ3(B) | B ∈ C
∞(R)},
g˜0 = g0 ⊕ Rϕ4, g˜1 = g1, g˜2 = g2, and g = g˜0 ⊕ g˜1 ⊕ g˜2 we have sym0(E) = g ⊕ h,
{g, h} = 0, {h, h} = h, while the subalgebra g has the following grading
{g˜j, g˜k} =

g0, j + k = 0
g˜j+k, 0 < j + k ≤ 2,
0, j + k > 2.
Then up to adding arbitrary solutions of (25) we have
R−1(ϕ1(A1)) = ϕ0(A1) + λϕ1(A1),
R−1(ϕ2(A2)) = ϕ1(A2),
R−1(ϕ3(B1)) = λϕ3(B1),
while
R−1(ϕ0(A0)) = s0 +
1
6
x3A′′′0 +
1
2
(xux − 2 u+ λ x)A
′′
0
+ (x (ut + λ ux)− u (ux + λ))A
′
0 + ut (ux + λ)A0 + A3, (31)
where s0 is a solution of the system{
s0,x = A0 (utt − 2 uxutx)− A
′
0 (ut − u
2
x),
s0,y = A
′
0 uxuy − A1 (uyutx + u
2
xuxy − uxuyuxx),
(32)
that is a potential of the conservation law
ds0 ∧ dt = (A
′
0 uxuy − A1 (uyutx + u
2
xuxy − uxuyuxx))dy ∧ dt
+ (A0 (utt − 2 uxutx)− A
′
0 (ut − u
2
x)) dx ∧ dt,
and
R−1(ϕ4) = 3 s4 + xut − 2 u ux − 2 λ u (33)
where s4 meets{
s4,x = u
2
x − ut,
s4,y = uxuy,
(34)
and therefore defines a conservation law
ds4 ∧ dt = (u
2
x − ut) dx ∧ dt+ uxuy dy ∧ dt
of (2). Whence Eq. (2) has the infinite set of shadows of nonlocal symmetries (31)
corresponding to the covering (32) and (33) corresponding to the covering (34). Also,
factorizing w.r.t. arbitrary solutions of (26) we have
R(ϕ0(A0)) = ϕ1(A0)− λϕ2(A0),
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R(ϕ1(A1)) = ϕ2(A1),
R(ϕ2(A2)) = 0,
R(ϕ3(B1)) = λ
−1 ϕ3(B1),
while the solution R(ϕ4) to (26) with ϕ = ϕ4 is a shadow of new nonlocal symmetry of
Eq. (2).
6. Conclusion
In this paper we used the construction of [30] to find recursion operators for integrable
cases of the rmdKP and rdDym equations. As a byproduct of computations, we found
shadows of nonlocal symmetries of these equations corresponding to their coverings
with nonremovable parameters (Remarks 3 and 4). Also, we studied actions of the
recursion operators to contact symmetry algebras of (1), (2) and found shadows of
nonlocal symmetries corresponding to coverings generated by conservation laws. As it
is noted in Remark 1, every shadow ϕ provides a nonlocal symmetry in the corresponding
covering τϕ of (1) and (2). The structure of the spaces of nonlocal symmetries of Eqns.
(1) and (2) is a subject of a further study. Another promising field of research is
an application of the useful method of [30] to other pdes with linear coverings which
have non-removable parameters. Also, the problem of finding recursion operators for
nonlinear coverings of pdes in more than two independent variables seems to be very
interesting and important.
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